Let P = (p k ) be a bounded positive sequence and let A = (a nk ) be an infinite matrix with all a nk ≥ 0. For normed spaces E and E k , the matrix A generates the paranormed sequence spaces
Introduction.
In the last few decades, Köthe [3] , Maddox [4, 5, 6 ], Simons [11] , and several others have made a significant contribution to the study of topological duals of real-and complex-valued sequence spaces. One of the classic problems in the study of topological duals of paranormed sequence spaces is to obtain representation formulae for the elements in their dual spaces. A decisive break with the classical approach is made in this paper by introducing vector-valued sequence spaces in place of sequences of numbers. Here, we study the topological duals of vector-valued sequences which are generated by infinite matrices.
The topological dual of a normed linear space is the set of all continuous linear functionals on the space. Such duals of classical sequence spaces like c 0 , c, l p , and w p [7] are well-known sequence spaces, while the dual of l ∞ is a function space. But in the case of a sequence space which is generated by an infinite matrix, the topology is most often induced by a paranorm. While considering the paranormed sequence spaces, the topology of the dual space must be carefully chosen since the paranorm on the original space does not necessarily induce a well-behaved topology on the dual space. In such cases, it may be convenient to use the topology of uniform convergence [10] on the closed balls of the original space. In this paper, this topology has been frequently used in establishing the representation formulae for the continuous linear functionals in the dual spaces.
Attempts have been made to obtain general representation theorems for the elements in topological duals of the vector-valued sequence spaces such
as [A, P ] 0 ((E k )) and [A, P ]((E))
, which are introduced and studied by the author in [9] . In fact, all the corresponding results related to the duals of the sequence spaces such as c 0 , c, l p , and w p (see [4, 5, 11] ) follow as special cases of results established in Section 4. A topological isomorphism is established between l (P , (E k )) and l(Q, (E k )), for 1 < inf k p k . Finally, topological duals of the spaces l(P , (E k )), for 0 < p k ≤ 1, and w(P , E), for 0 < p k ≤ 1, are determined.
Definitions and notations.
Let N be the set of natural numbers and C be the set of complex numbers. Throughout this paper, E and E k , for all k ∈ N, are normed linear spaces. The topological dual of a normed linear space E is denoted as E * . It is well known that E * is always a Banach space. The closed unit ball in E (resp., E k ) is denoted as U (resp., U k ). We assume that for the sequence P = (p k ), p k > 0 for all k ∈ N, and for the infinite matrix A = (a n k ), a n k ≥ 0 for all n, k ∈ N. If P is a bounded sequence, then we write
The symbol z k denotes a sequence whose kth term is z and all other terms are 0. In particular, e k is a sequence with kth term 1 and all other terms 0. Let I denote the unit matrix, (C, 1) denote the Cesaro matrix [7] , and D denote the upper triangular matrix. A vector-valued sequence space is a linear space of sequences whose elements are in other linear spaces. The symbol S(δ) stands for the closed δ-ball centered at the origin θ of such a sequence space and g denotes the paranorm [7] on a sequence space. Some of the topological properties of the following three vector-valued sequence spaces, which are generated by the infinite matrix A = (a n k ), were studied by Maddox [5, 7] in the special case when E k = C, for all k ∈ N:
for all k and there exists l ∈ E such that k a n k x k −l p k converges, for all n ∈ N, and tends to 0 as n → ∞} (in this case we say that
N, and tends to 0 as n → ∞};
) are linear topological spaces [7] , the topology being induced by the paranorm
These three spaces generalize almost all the well-known sequence spaces. For example, if A=D, the upper triangular matrix, then
In particular, if p k = p for all k, then we get the sequence space l(p, (E k )) (see [5] ) and if E k = C for all k, then we get l(P ) (see [11] ). Moreover, if E k = C and 
for all k, then we have the special case of l p [7] . 
The following spaces are used in establishing some results in Section 4:
3. Preliminaries. In this section, we introduce the lemmas that are used to prove the main results in Section 4.
Proof. This follows from the well-known inequality [2, page 17],
where
This proves the lemma. 
and tends to 0 as n → ∞. So it follows that lim r →∞ sup n∈N k≥r a nk x k −l
where (x k − l) k denotes the sequence whose kth term is x k − l and all other terms are 0. Hence,
as r → ∞, which implies that
To show the continuity of each linear function
It follows that
so that |f k (z)| = |f (z k )| < , which proves our assertion. The required representation in (4.1) follows from this. To prove the uniqueness of the functionals f k , note that for
This completes the proof of Theorem 4.1.
Theorem 4.2. If P = (p k ) and A as in Theorem 4.1, then each f ∈ [A, P ] * 0 ((E k )) has a unique representation of the form
where f k ∈ E * k are uniquely defined functionals determined by f only.
The proof of Theorem 4.2 is omitted since it can be proved following the same line of argument as in Theorem 4.1.
The following results are due to Maddox [8] who calculated the representation formulae for elements in C * (E) and
In the special case, when matrix A = D, a topological isomorphism has been established between 
Köthe [3] has calculated the topological dual of l p ((E k )) in the special case when p k = p ≥ 1 for all k. Later, Maddox [6] calculated l * (P ) for p k ≥ 1 for all k. The following theorem generalizes and unifies both these results.
Proof. By Theorem 4.2, each f ∈ l * (P , (E k )) can be uniquely expressed as
Define a sequence x = (x k ) such that
Then,
where sup k q k = H. This leads to a contradiction and therefore 
which implies the continuity of T −1 .
To prove the continuity of T , it is enough to show that |h(
14)
, and therefore, T is continuous.
This completes the proof of Theorem 4.5.
Corollary 4.6 [3] . If 1 < p < ∞, 1/p + 1/q = 1, and E k are Banach spaces, then l *
Corollary 4.7 [6, Theorem 4]. If inf k p k > 1 and p k = O(1), then l * (P ) is linearly homeomorphic to the space l(Q).
If the condition inf k p k > 0 is removed from the statement of Theorem 4.5, then in that case we have the following partial result which gives a unique representation of each linear functional on l (P , (E k ) ).
Proof. Following the same line of argument as in Theorem 4.2, it can be shown that each f ∈ l * (P , (E k )) can be uniquely expressed as
Also, we can find 
. Clearly, the map T is linear and injective. To show that T is also surjec-
which establishes the continuity of f . This proves Theorem 4.8.
The following result of Maddox [6, Theorem 3] is an immediate consequence of Theorem 4.8. Note that if we impose the extra condition 1 < inf k p k in Corollary 4.9, then the space M 1 (P ) coincides with l(Q).
Next, we investigate the topological dual of l(P , (E k )) for 0 < p k ≤ 1. Köthe [3] calculated l * 1 ((E k )), and later, Simons [11] established a representation theorem for continuous linear functionals on l(P ) for 0 < p k ≤ 1. The following theorem generalizes these results by establishing a topological isomorphism between l
Proof. Following the same argument as in Theorem 4.2, one can show that
To prove the continuity of T , choose z k ∈ U k for each k ≥ 1 such that (1/2) f k ≤ |f k (z k )|, and for each n ∈ N, define a sequence t n = (t n k ) by
, which proves the continuity of T −1 .
Next, define the map T : w 
, respectively. The map h 1 is continuous since
where β = r ≥0 max 2 r ≤k≤2 r +1 2 r /p k f k . To prove the continuity of h 2 , let α = max (1, g(x) ). Then since
and therefore 
We have not been able to obtain anything more satisfactory than linear homomorphism for w * (P , E), when p k = p > 1 for all k. The proof of the above theorem is analogous to a result given by Maddox [4] for the corresponding special case w p .
The topological dual of w(P , E), for p k > 1, still remains to be determined. The space [A, P ] * ∞ ((E k )) has also been excluded from the current discussion because even in the special case of l ∞ , the topological dual is a function space, which will be discussed in a subsequent paper. The study of the three spaces
, and [A, P ]((E)) using techniques of functional analysis generalizes and unifies many of the existing results on sequence spaces. Much more has to be investigated on the duals of these spaces. Stated otherwise, topological duals of sequence spaces by matrix transformation can be studied with a new approach and insight with the introduction of these three spaces.
Mathematical Problems in Engineering

Special Issue on Time-Dependent Billiards
Call for Papers
This subject has been extensively studied in the past years for one-, two-, and three-dimensional space. Additionally, such dynamical systems can exhibit a very important and still unexplained phenomenon, called as the Fermi acceleration phenomenon. Basically, the phenomenon of Fermi acceleration (FA) is a process in which a classical particle can acquire unbounded energy from collisions with a heavy moving wall. This phenomenon was originally proposed by Enrico Fermi in 1949 as a possible explanation of the origin of the large energies of the cosmic particles. His original model was then modified and considered under different approaches and using many versions. Moreover, applications of FA have been of a large broad interest in many different fields of science including plasma physics, astrophysics, atomic physics, optics, and time-dependent billiard problems and they are useful for controlling chaos in Engineering and dynamical systems exhibiting chaos (both conservative and dissipative chaos).
We intend to publish in this special issue papers reporting research on time-dependent billiards. The topic includes both conservative and dissipative dynamics. Papers discussing dynamical properties, statistical and mathematical results, stability investigation of the phase space structure, the phenomenon of Fermi acceleration, conditions for having suppression of Fermi acceleration, and computational and numerical methods for exploring these structures and applications are welcome.
To be acceptable for publication in the special issue of Mathematical Problems in Engineering, papers must make significant, original, and correct contributions to one or more of the topics above mentioned. Mathematical papers regarding the topics above are also welcome.
Authors should follow the Mathematical Problems in Engineering manuscript format described at http://www .hindawi.com/journals/mpe/. Prospective authors should submit an electronic copy of their complete manuscript through the journal Manuscript Tracking System at http:// mts.hindawi.com/ according to the following timetable:
Manuscript Due December 1, 2008
First Round of Reviews March 1, 2009 
